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1. Introduction
In [6] Levine and Morel introduced the notion of an oriented cohomology theory (OCT) on the category of smooth quasi-
projective varieties over a field k. An important feature of these theories is the existence of a formal group law describing
the behaviour of the first Chern class with respect to the tensor product of line bundles. When char(k) = 0, in [6] the theory
X 7→ Ω∗(X), called algebraic cobordism, is constructed as the universal OCT in the sense that for any such theory A∗, there
is a unique map Ω∗ → A∗ of OCTs so that the induced map on the coefficient rings is precisely the map classifying the
formal group law of A∗. Given a formal group law (R, µ), the theory Ω∗⊗Ω∗(k) R is the universal OCT with respect to its
formal group law. Other important results from [6] are that the Chow ring CH∗ is the universal additive theory, and that the
‘‘extended’’ algebraic K-theory K0[β, β−1], where β is a variable of degree -1, is the universal multiplicative periodic theory.
From another side, given a scheme X , part of the algebraic structure of K0(X) is the presence of an exterior power product.
In [5], Grothendieck gave a general treatment of such rings by introducing the notion of special λ-ring and λ-operations.
These operations are non-additive; the associated Adams operations, ψn, being ring morphisms, are thus easier to handle.
In fact, with Q-coefficients, one can recover the λ-operations from the Adams operations.
In the present work we propose a ψ-structure on Ω∗Q that descends to the OCTs with rational coefficients that are
universal with respect to their formal group law.We proceed by using the characterization of the classical Adams operations
by their action on the first Chern class of a line bundle. Looking at the classical Adams–Riemann–Roch in the context
of OCTs, we have that the nth Bott’s cannibalistic class corresponds to the inverse Todd genus associated to the classical
nth Adams operation. This genus can be described in terms of the group law, so we can extend the definition to any OCT.
Further, the ‘‘universal’’ Todd genus will induce a twisting on Ω∗⊗Z Z[1/n]. Thus, by universality we obtain a map ψΩn of
cohomology theories fromΩ∗ to the twisted theory. Such map will be our nth Adams operation. The main results obtained
are summarized in the following.
Theorem 1. Let k be a field of characteristic zero. Then
(1) Ω∗Q is endowed with a structure of ψ-ring, so we have an induced structure of special λ-ring. Moreover, by taking the
Levine–Morel degree homomorphism as augmentation we have a γ -filtration onΩ∗Q.
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(2) For any n ≥ 1, the nth Adams operation onΩ∗Q is an isomorphism.
(3) Given a formal group law (R, µ), the Adams operations descend toΩ∗(k)-linear endomorphisms onΩ∗Q⊗Ω∗(k) R. In particular
we have the same induced structures as onΩ∗Q.
For the case of K0[β, β−1], we check that our Adams operations generalize the classical ones as well that the degree zero
part of the graded ring induced by the γ -filtration is the corresponding graded ring in the classical case. We also see that
the nth Adams operation on CHq is just multiplication by nq and that the qth part of the γ -filtration on CH∗Q is given by the
sum of the pieces of codimension≥ q. Finally, we see how our results imply that we have a deformation from the classical
γ -filtration on K0Q to the filtration by degree on CH
∗
Q.
In Section 2we recall the basic properties ofλ-rings andAdamsoperations. In the next sectionwe give a roughdescription
of OCTs and algebraic cobordism, and touch on the properties of such theories that we need for the present work.We review
in Section 4 the technique of twisting a theory, which is needed to construct cohomological operations. In the last section
we give our construction of Adams operations and prove the results mentioned above.
Conventions. Throughout the present work a ring will mean a commutative ring with unit. Given a field k, a separated
scheme of finite type over kwill be referred to as a k-scheme. Given a vector bundle E over a k-scheme X , let E be the sheaf
of sections of E. The projective bundle associated to E, Proj
(
Sym∗OX (E)
)
, will be denoted by P(E). From now on, wewill make
no distinction between a vector bundle and its corresponding locally free OX -sheave.
2. λ-structures and ψ-structures
Let R be a ring and denote byWt(R) themultiplicative abelian group of formal power series in t with constant term 1 and
coefficients in R. We say that R is a λ-ring if there is a groupmorphism λt : R→ Wt(R) of the form x 7→ 1+ xt+∑n>1 antn.
Set λt(x) = ∑n≥0 λn(x)tn, for any x ∈ R. The set of maps {λn : R→ R}n≥0 is called a λ-structure on R. A λ-morphism is
a ring morphism commuting with the λ-operations. The groupWt(R) has a structure of λ-ring ([1, Section 1]), and we say
that R is a special λ-ring if λt is a λ-morphism. Themorphisms of special λ-rings are just λ-morphisms.
An ideal I ⊆ R is called a λ-ideal if λn(I) ⊆ I for all n ≥ 0. Let S be a λ-ring, we say that R is an augmented λ-ring over S if
there is a surjective λ-morphism ε : R→ S called the augmentation. We have that ker(ε) ⊆ R is a λ-ideal. A λ-ring is called
binomial if λt(x) = (1 + t)x, for any x ∈ R. Examples of binomials λ-rings are Z and Q. In what follows, when we refer to
these rings as λ-rings, we consider them with the binomial structure.
A ring R together with a collection of endomorphisms {ψn : R → R}n≥1 is called a ψ-ring if ψ1 is the identity and
ψn ◦ ψm = ψnm for all integers n,m ≥ 1. The collection of endomorphisms {ψn}n≥1 is called a ψ-structure on R. For any
n ≥ 1, ψn is called nth Adams operation. A ψ-morphism is a ring morphism that commutes with the Adams operations.
Proposition 2. Let R be a commutative ring containing a subring isomorphic toQ. Then the existence of a special λ-structure on
R is equivalent to the existence of a ψ-structure on R. More precisely, for all n ≥ 1,
nλn = ψ1λn−1 − ψ2λn−2 + · · · + (−1)n−2ψn−1λ1 + (−1)n−1ψnλ0
ψn = ψn−1λ1 − ψn−2λ2 + · · · + (−1)nψ1λn−1 + (−1)n+1nλn.
Proof. See [10] or [7, Thm. 1.3.10]. 
Example 3. Let X be an scheme over a field k. Let K0(X) be the Grothendieck group of locally free OX -sheaves. It has a
structure of special λ-ring by setting λn(E) = [∧n(E)], for all E ∈ K0(X). The rank mapmakes it augmented over Z. Also we
have that the nth Adams operations on K0(X) are characterized by ψn([L]) = [L⊗n], with L→ X a line bundle.
For the rest of the sectionwe assume R to be a special λ-ring. Set s = t/(1−t) and define γt := λs. This induced a λ-structure
{γn} on R. Themap γn is referred as the nth γ -operation. Assume that ε : R→ S is a splitting augmentation, with S a binomial
special λ-ring. Let I = ker(ε). For all integer n ≥ 0, define the λ-ideal
Rn =
〈
γn1(a1) · · · γnr (ar)
∣∣∣∣∣ai ∈ I, r∑
i=1
ni ≥ n
〉
.
The γ -filtration on R is defined by the descending sequence of ideals
· · · ⊂ Rn ⊂ · · · ⊂ R1 = I ⊂ R0 = R.
Lemma 4. Let R and S be two special λ-rings. Consider the special λ-ring R⊗Z S. If εR : R→ Z is an augmentation, then:
(1) ε : R⊗Z S εR⊗IdS /Z⊗Z S ∼= S is a splitting augmentation.
(2) For all n ≥ 0, (R⊗Z S)n ⊆ Rn⊗Z S, with equality for n = 0, 1.
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Proof. Let {λ(r)m } and {λ(s)m } be the λ-structures on R and S respectively. We know that the λ-structure {λ⊗m} on R⊗Z S is
determined by
λ⊗m(a⊗ 1) = λ(r)m (a)⊗ 1 λ⊗m(1⊗ b) = 1⊗ λ(s)m (b)
λ⊗m(a⊗ b) = Pm
(
λ
(r)
1 (a)⊗ 1, . . . , λ(r)m (a)⊗ 1; 1⊗ λ(s)1 (b), . . . , 1⊗ λ(s)m (b)
)
(1)
for all integersm ≥ 0 and a ∈ R, b ∈ S. Then, for all n ∈ Z and b ∈ S
λ⊗m(n⊗ b) = Pm
((n
1
)
, . . . ,
( n
m
)
; λ(s)m (b), . . . , λ(s)m (b)
)
= λ(s)m (n · b).
Thus, theλ-structure {λ⊗m} onZ⊗Z S ∼= S is precisely {λ(s)m }. To see that ε is aλ-map, it suffices to check thatλ(s)m (ε(a⊗ b)) =
ε
(
λ⊗m(a⊗ b)
)
for any a ∈ R, b ∈ S. Using identities (1) we obtain:
ε
(
Pm
(
λ
(r)
1 (a)⊗ 1, . . . , λ(r)m (a)⊗ 1; 1⊗ λ(s)1 (b), . . . , 1⊗ λ(s)m (b)
))
= Pm
(
λ
(r)
1 (εR(a))⊗ 1, . . . , λ(r)m (εR(a))⊗ 1; 1⊗ λ(s)1 (b), . . . , 1⊗ λ(s)m (b)
)
= λ(s)m (εR(a) · b) = λ(s)m (ε (a⊗ b)) .
For any special λ-ring augmented over Zwe have ([1, Proposition 1.3]) a split exact sequence 0→ ker(εR) ıR→ R εR→ Z→ 0
defined by εR. Then, the right exactness of ⊗Z S induces the split short exact sequence
0 / ker(εR)⊗Z S ıR⊗IdS /R⊗Z S εR⊗IdS /Z⊗Z S /0. (2)
This finishes the proof of statement (1). The γ -operations
{
γ⊗m
}
on R⊗Z S form a λ-structure, so there are universal
polynomials Qm such that
γ⊗m (a⊗ b) = Qm
(
γ
(r)
1 (a)⊗ 1, . . . , γ (r)m (a)⊗ 1; 1⊗ γ s1(b), . . . , 1⊗ γ (s)m (b)
)
.
The splitting of (2) implies (R⊗Z S)1 := ker(εR)⊗Z S = R1⊗Z S. Thus
(R⊗Z S)n :=
〈
γ⊗n1 (a1 ⊗ b1) · · · γ⊗nl (al ⊗ bl)
∣∣∣∣∣ai ⊗ bi ∈ R1⊗Z S; l∑
i=1
ni ≥ n
〉
for all n ≥ 0. Also notice that
Rn⊗Z S =
〈
γ (r)n1 (a1) · · · γ (r)nl (al)⊗ b
∣∣∣∣∣ai ∈ R1, b ∈ S; l∑
i=1
ni ≥ n
〉
.
Since γ⊗m (a⊗ b) is a polynomial with monomials given by products of the form
(
γ
(r)
i (ai)⊗ 1
)
·
(
1⊗ γ (s)j (bj)
)
= γ (r)ni (ai)⊗
γ
(s)
nj (bj), statement (2) follows. 
Denote by grγn (R) the n-graded part of the graded ring grγ (R) associated to the filtered ring R. For all n ≥ 0, set
(Rn)Q := Rn⊗Z Q. Thus, RQ is a Q-vector space filtered by (Rn)Q.
Theorem 5. Let R be an augmented special ring over a binomial special λ-ring S. Let V (n) denote the eigenspace of ψk on RQ
with eigenvalue kn, for some k ≥ 1. Assume that Rn = 0 for n 0. Then:
(1) V (n) is independent of k, for n ≥ 1.
(2) V (n) ∼= grγn (RQ) and RQ ∼=⊕n≥0 V (n).
Proof. See [4, III Section 3] for details. 
3. Algebraic cobordism
Let k be a fixed field. Denote by Smk the category of smooth quasi-projective k-schemes. Fromnow onwewill beworking
on Smk. Let CRng∗ be the categorywhose objects are the commutative graded rings with unit andmaps the ringmorphisms.
We say that a morphism f : Y → X has relative codimension d, denoted as codim(f ) = d, if dim(X, f (y))− dim(Y , y) = d,
for all y ∈ Y . A functor F : (Smk)op → CRng∗ is called additive if F
(
X
∐
Y
) = F(X)× F(Y ) and F (∅) = 0.
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3.1. Oriented cohomology theories
An oriented cohomology theory on Smk, referred to as OCT, is an additive functor A∗ : (Smk)op → CRng∗ endowed with
morphisms of graded A∗(X)-modules
f∗ : A∗(Y ) −→ A∗+codim(f )(X)
for each projective morphism f : Y → X in Smk, satisfying certain axioms (see [6, Section 1.1] for details): functoriality
of push-forwards, compatibility of the variances in transverse Cartesian squares, homotopy invariance and the projective
bundle axiom (PB)
(PB) Let E → X be a vector bundle over X of rank n in Smk. Consider the canonical quotient line bundle O(1) → P(E)
and let s : P(E)→ O(1) denote its zero section. Let 1 ∈ A0 (P(E)) denote the multiplicative unit. Set ξ := s∗ (s∗(1)) which
lies in A1 (P(E)). Then A∗ (P(E)) is a free A∗(X)-module with basis {1, ξ , . . . , ξ n−1}.
Amorphism of OCTs is a morphism of cohomology theories (i.e., a natural transformation of functors (Smk)op → CRng∗)
that also commutes with the push-forwards.
Fix an OCT A∗. Axiom PB makes it possible to follow Grothendieck’s construction of Chern classes [5]. Given a vector
bundle E → X of rank r , there are unique elements cAi (E) ∈ Ai(X), 1 ≤ i ≤ r , with cA0 (E) = 1 and such that
r∑
i=0
(−1)icAi (E)ξ r−i = 0
where the ξ i’s are the generators of A∗(P(E)) as A∗(X)-module. The element cAi (E) is called the ith Chern class of E. These
Chern classes satisfy all the expected properties such as functoriality and additivity on short exact sequences (see [6,
Section 4.1] for details).
Given a line bundle L→ X with zero section s : X → L, the first Chern class cA1(L) agrees with
cA1(L) = s∗s∗(1) ∈ A1(X). (3)
It can be shown [6, Lemma 4.1.3] that cA1(L) is nilpotent, so by a standard procedure we have A
∗ (Pn) ∼= A∗(k)[t]/〈tn〉. As a
direct consequence we obtain
A∗(P∞) := lim←−
n
A∗(Pn) ∼= lim←−
n
A∗(k)[t]/〈tn〉 = A∗(k)[[t]]. (4)
Levine andMorel attained [6, Lemma 1.1.3] the analogous fundamental fact on complex cobordism due to Quillen [9], which
describes the behaviour of the first Chern class of a tensor product of line bundles in terms of formal group laws (fgl): given
an OCT A∗, there is a fgl (A∗(k), FA) such that for any line bundles L,M over X ,
cA1(L⊗M) = FA
(
cA1(L), c
A
1(M)
)
.
Thus, if (L, FL) denotes the universal fgl, then there is a unique ring morphism θA : L → A∗(k) classifying (A∗(k), FA). The
ring L is called the Lazard ring. For details on formal group laws see [2].
Let (A∗(k), FA) be the fgl associated to the OCT A∗. If FA is the additive fgl, i.e., FA(u, v) = u + v, then we say that A∗ is
ordinary. If FA is themultiplicative fgl, i.e., FA(u, v) = u+ v − buv, with b ∈ A−1(k), then we say that A∗ ismultiplicative. If b
is a unit, A∗ is also called periodic.
Notation 1. Given a fgl (R, µ), we will use the notation u+µ v := µ(u, v). Moreover, set [n]µ · u := u+µ · · · +µ u, with n
terms, together with the convention [0]µ · u := 0.
Example 6 (Chow Ring). For X in Smk, let CH∗(X) denote the Chow ring of X . It is well known that CH∗ satisfies all the axioms
defining an OCT (see [3] for instance) and that cCH1 : Pic(X) → CH1(X) is a group morphism. Thus, CH∗ is an ordinary OCT
with fgl (Z, u+ v).
Example 7 (Algebraic K0). Assume X to be regular so K0 is endowed with push-forwards for projective morphisms. Not
having a natural grading on K0(X) so that the push-forwards increase the degree properly we have to consider the theory
K0[β, β−1] := K0⊗Z Z[β, β−1], where β is a variable of degree −1. Thus, define for f : Y → X (with f projective for the
push-forward case)
f ∗
([E]βn) := f ∗([E])βn f∗ ([F ]βn) := f∗([F ])βn+codim(f )
with E ∈ K0(X) and F ∈ K0(Y ). Given a line bundle L → X , we have that cK1(L) =
(
1− [Lˇ])β−1. A direct computation
shows that K∗[β, β−1] is a multiplicative periodic OCT with fgl (Z[β, β−1], u+ v − uvβ).
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3.2. Algebraic cobordism
We state the main properties of algebraic cobordism in the following
Theorem 8. Let k be a field that admits resolution of singularities (e.g., fields of characteristic zero). Then there exists an OCT on
Smk, X 7→ Ω∗(X), called algebraic cobordism, which is universal in the following sense:
(1) Given any OCT A∗ there is a unique morphismΘA : Ω∗ → A∗ of OCTs.
(2) If FΩ denotes the formal group law associated toΩ∗, then the canonical morphism θΩ : L −→ Ω∗(k) classifying FΩ is an
isomorphism.
(3) If ı : Z → X is a closed immersion, X and Z are smooth varieties, and j : U := X − Z → X is the open immersion of X − Z,
then the localization property holds, i.e., the following sequence is exact:
Ω∗−codim(ı)(Z)
ı∗ /Ω∗(X)
j∗ /Ω∗(U) /0 .
Proof. For a proof see [6]. 
Note 1. Levine and Morel showed [6, Lemma 2.5.11] that Ω∗(X) is generated (as an abelian group) by the isomorphism
classes of projective morphisms f : Y → X , with Y in Smk and irreducible. With this characterization, for an OCT A∗, the
canonical morphismΘA : Ω∗(X)→ A∗(X) is given by [f : Y → X] 7→ f∗(1).
3.2.1. Some basic properties
1. For any irreducible element X in Smk we have [6, Section 4.4.1] a degree map
deg : Ω∗(X) −→ Ω∗(k).
2. Given any fgl (R, FR), the canonical mapΩ∗(k)→ R induces an OCTΩ∗⊗L R that classifies the OCTs with fgl (R, FR).
In other words, given any OCT A∗ with fgl (A∗(k), FA) = (R, FR), there is a unique morphismΘRA : Ω∗⊗L R→ A∗ of OCTs. In
this situation we also have a degree map
deg : Ω∗(X)⊗L R −→ Ω∗(k)⊗L R ∼= R
for any X in Smk, which is split surjective.
Example 9. (1) Let Ω∗+ := Ω∗⊗L Z be the OCT classifying the additive fgl (Z, Fa := u + v). Then we have a canonical
morphismΘ+ : Ω∗+ → CH∗.
(2) LetΩ∗× := Ω∗⊗L Z[β, β−1] be the OCT classifying the multiplicative periodic fgl (Z[β, β−1], Fm := u+ v−uvβ). Then
we have a canonical morphismΘ× : Ω∗× → K0[β, β−1].
(3) Let k0 := Ω∗⊗L Z[β] be the OCT classifying the multiplicative fgl (Z[β], u+ v− uvβ). We say that k0 is the connective
algebraic K0.
3.We have maps
k0(X)
ϕ+
{www
ww
ww
ww ϕ×
#H
HH
HH
HH
HH
Ω∗+(X) Ω∗×(X)
where ϕ× is induced by the canonical map Z[β] → Z[β, β−1], and ϕ+ is induced by the quotient map Z[β] → Z. Also
notice that by extending scalars we obtain isomorphisms of OCTs:
ϕ× ⊗ Id : k0⊗Z Z[β−1] −→ Ω∗× (5)
ϕ+ ⊗ Id : k0⊗Z[β] Z −→ Ω∗+.
4. In [6, Theorems 1.2.18, 1.2.19], the following comparison result is proven.
Theorem 10 (Levine–Morel). Let k be a field of characteristic zero. Then the canonical morphisms Θ+ : Ω∗+ → CH∗ and
Θ× : Ω∗× → K0[β, β−1] are isomorphisms.
With this result, the remark above says that we can interpret CH∗ as a deformation of K0[β, β−1] via k0.
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4. Twisted oriented cohomology theories
Since the technique of twisting a theory plays an important role in our work we recall in this section its definition and
properties from [6, Section 4.1.9]. Fix an OCT A∗ with fgl (A∗(k), FA). For simplicity, we denote by ci the ith Chern class of this
theory. Let (τi)i≥0 be a sequence where τi ∈ A−i(k) for all i and τ0 is a unit. The τ -inverse Todd class of a line bundle L→ X
is defined as
Td−1τ (L) :=
∑
i≥0
τici1(L).
Notice that this is a well defined element in A0(X) since the first Chern class is nilpotent. By means of the splitting principle
we can assign a unique element Td−1τ (E) ∈ A0(X) to every vector bundle E → X . This assignment is functorial and
multiplicative.
Let f : Y → X be amorphism in Smk. Define its formal normal bundle as the element in K0(Y ) given byNf := [f ∗TX ]−[TY ],
where TX and TY denote the respective tangent bundles.
Definition 11. Let A∗ be an OCT. Let τi ∈ A−i(k), for i ≥ 0, with τ0 a unit. Set τ := (τi)i≥0. The twisted theory A∗τ is the OCT
given by the data:
(1) For any X in Smk, let A∗τ (X) := A∗(X).
(2) For any morphism f in Smk, let f ∗τ := f ∗.
(3) For any projective morphism f : Y → X in Smk, given y ∈ A∗τ (Y ), set
f τ∗ (y) := f∗
(
y · Td−1τ
(
Nf
))
.
Remark 12. (1) Let cτ1 denote the first Chern class on A
∗
τ . From the definition of the first Chern class via (3) we can check
that the power series Pτ (t) :=∑i≥0 τit i+1 in A∗τ (k)[[t]] is such that for any line bundle L→ X ,
cτ1(L) = Pτ (c1(L)) . (6)
(2) Let P−1τ (t) be the unique power series such that Pτ ◦ P−1τ = Id. Then, the fgl associated to A∗τ is given by
F τA (u, v) = Pτ
(
FA
(
P−1τ (u), P
−1
τ (v)
))
.
(3) Let Z[t] := Z[ti | i ≥ 1], where ti is a variable of degree −i. Set t0 = 1 and define τ = (t0, t1, . . .), so we can consider
the twisted theory CH∗⊗Z Q[t]τ . Then there is an isomorphism of OCTs
k0Q := k0⊗Z Q −→ CH∗ ⊗ Q[β]τ := CH∗⊗Z Q[t]τ ⊗Q[t] Q[β].
Indeed, in [6, p104] Levine and Morel showed how we can get an isomorphism log : Q[t] ∼= LQ by using the ‘‘universal
exponential’’. Also, they showed [6, Theorem 4.1.28] that the canonical map
Θexp : Ω∗Q −→ CH∗⊗Z Q[t]τ
is an isomorphism of OCTs. Now, let θ×Q : LQ → Q[β] be the morphism classifying the multiplicative group law over
Q[β]. From the composition θ×Q ◦ log : Q[t] → Q[β]we see that the classifying map
Θ×exp : k0Q −→ CH∗ ⊗ Q[β]τ
is an isomorphism of OCTs. In particular, for each X ∈ Smk, we have a ring isomorphism
θ×exp(X) : k0Q(X) −→ CH∗Q(X)[β] := CH∗(X)⊗Z Q[β].
Thus, we have an isomorphism k0Q → CH∗Q[β] of cohomology theories.
4.1. Riemann–Roch theorems on OCT
In [8] Paninworkswith a closely related notion of OCT and proves Riemman–Roch type theorems for OCTs. Nextwe state,
in the language used in the present work, what we need from [8].
Lemma 13. Let A∗ and B∗ be two OCTs satisfying the localization property. Let ϕ : A∗ → B∗ be a morphism of cohomology
theories. Then there is a unique power series td−1ϕ (t) ∈ B∗(k)[[t]] such that
ϕ
(
cA1(L)
) = td−1ϕ (cB1(L)) · cB1(L) (7)
for any line bundle L→ X.
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This power series is called the inverse Todd genus associated to ϕ. We have that if we set td−1ϕ (t) =
∑
i≥0 τit i, then
td−1ϕ (c1(L)) = Td−1τ (L). For details see [8, Section 2.5].
Theorem 14 (Panin). Let A∗ and B∗ be two OCTs satisfying the localization property. Let ϕ : A∗ → B∗ be a morphism of
cohomology theories. Set td−1ϕ (t) :=
∑
i≥0 τit i. If τ0 is a unit, then ϕ : A∗ → B∗τ is a morphism of OCTs.
5. Adams operations on classifying oriented cohomology theories
Given a line bundle L→ X in Smk, from the classical theory of Adams operations on K0 we have
ψn
(
cK1(L)
) = ψn (1− [Lˇ ]) = 1− ([Lˇ ])⊗n = cK1 (L⊗n)
which is described as [n]Fm · cK1(L) in our setting. With Eq. (7) in mind, we define the nth inverse Todd genus associated to an
OCT A∗ as the power series
td−1n (t) =
[n]FA · t
t
=
∑
i≥0
τ(n)it i ∈ A0(k)[[t]] (8)
with τ(n)i ∈ A−i. Notice that τ(n)0 = n.
From now on, τ(n) := (τ(n)i) will stand for the sequence defined by the nth inverse Todd genus associated to Ω∗,
td−1n (t) =
∑
i≥0 τ(n)it i.
Definition 15. Fix an integer n ≥ 1. Consider the twisted theory
Ω∗[1/n]τ(n) := (Ω∗⊗Z Z[1/n])τ(n) .
By the universal property ofΩ∗, there is a unique morphism of OCTs
ψΩn : Ω∗[1/n] −→ Ω∗[1/n]τ(n) .
The map ψΩn is called the nth Adams operation onΩ
∗.
Notation 2. If Pτ (t) =∑i≥0 τit i+1 with τ = (τi), then let τ ◦ τ ′ be the sequence defined by the coefficients of the power series
Pτ ◦ Pτ ′(t).
Remark 16. (1) Given an integer n ≥ 1, let Pτ(n)(t) denote the power series of Remark 12(1) that is given by td−1n (t). Then
Pτ(n)(t) :=
∑
i≥0
τ(n)it i+1 = td−1n (t) · t = [n]FΩ · t. (9)
(2) Working at the level of formal group laws we can check that
Pτ(n)
(
Pτ(m)(t)
) = [n]FΩ · ([m]FΩ · t) = [nm]FΩ · t = Pτ(nm)(t).
Hence, τ(n) ◦ τ(m) = τ(nm).
Proposition 17. For any n ≥ 1, ψΩn : Ω∗[1/n] → Ω∗[1/n]τ(n) is an isomorphism of OCTs. Furthermore, the formal group laws
of these theories are identified under ψΩn .
Proof. Let Pτ(n)(t) be the power series of Remark 16(1). Let P
−1
τ(n)
(t) be the power series in Ω∗(k)[1/n][[t]] such that
P−1τ(n)
(
Pτ(n)(t)
) = t . Expressing this inverse power series as P−1τ(n)(t) =∑j≥1 σ˜jt j, we define
td−11/n(t) :=
P−1n (t)
t
=
∑
j≥1
σ˜jt j
t
=
∑
j≥1
σ˜jt j−1 =
∑
j≥0
σ(n)jt j.
The element σ0 is a unit in Ω∗(k)[1/n], so we can consider the twisted theory Ω∗[1/n]σ(n) induced by the sequence
σ(n) = (σ(n)j)j≥0. We prove the first statement by showing that σ(n) induces the ‘‘inverse’’ twisting of τ(n), which follows
from the fact that the canonical mapΩ∗[1/n] → (Ω∗[1/n]σ(n))τ(n) is the identity.
Ω∗[1/n] /
ψnΩ

(Ω∗[1/n]σ(n))τ(n)
Ω∗[1/n]τ(n)
6nnnnnnnnnnnn
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To prove this fact we only need to check that the push-forwards coincide since these two theories agree on objects and
pull-backs. By definition, for any x ∈ Ω∗(X)[1/n]we have that(
f
σ(n)∗
)τ(n)
(x) = f∗
(
x · Td−1τ(n)
(
Nf
) · Td−1σ(n) (Nf )) ,
where Td−1τ(n)
(
Nf
)
is evaluated in c
σ(n)
1 (Nf ). By the splitting principle for vector bundles, it suffices to show that
f∗(x) = f∗
(
x · td−1n
(
c
σ(n)
1 (L)
)
· td−11/n
(
cΩ1 (L)
))
(10)
for any line bundle L over X . Now, Eq. (9) implies
t = Pτ(n)
(
P−1τ(n)(t)
)
= td−1n
(
td−11/n(t) · t
)
· td−11/n(t) · t.
Thus, the identity (10) holds since the right-hand side is equal to
f∗
(
x · td−1n
(
td−11/n
(
cΩ1 (L)
) · cΩ1 (L)) · td−11/n (cΩ1 (L))) .
To show the second statement we recall (Remark 12(2)) that
F
τ(n)
Ω (u, v) = Pτ(n)
(
FΩ
(
P−1τ(n)(u), P
−1
τ(n)
(v)
))
, (11)
where F
τ(n)
Ω denotes the formal group law ofΩ
∗[1/n]τ(n) . The identity (9) implies that P−1τ(n)(t) = [1/n]FΩ · t , so (11) reads
F
τ(n)
Ω (u, v) = [n]FΩ ·
([1/n]FΩ · u+FΩ [1/n]FΩ · v)
= ([n]FΩ · [1/n]FΩ · u)+FΩ ([n]FΩ · [1/n]FΩ · v) = u+FΩ v. 
Remark 18. If we forget the twist induced by τ(n) on Ω∗[1/n], Proposition 17 allows us to regard ψΩn as a morphism of
cohomology theories of the form
ψΩn : Ω∗[1/n] → Ω∗[1/n].
Lemma 19. Let Ω∗Q := Ω∗⊗Z Q. For all n,m ≥ 1, (Ω∗τ(n)Q )τ(m) ∼= Ω∗τ(nm)Q .
Proof. Consider the identity morphism Id : (Ω∗τ(n)Q )τ(m) → Ω∗τ(nm)Q as cohomology theories. We need to show that both
theories have the same push-forwards. Thus, proceeding as in the proof of the previous proposition using the splitting
principle for vector bundles, it suffices to show that
td−1nm
(
cΩ1 (L)
) = td−1m (cτ(n)1 (L)) td−1n (cΩ1 (L))
for any line bundle L→ X . By Remarks 12 and 16 we have that
td−1nm
(
cΩ1 (L)
) · cΩ1 (L) = Pτ(mn) (cΩ1 (L)) = Pτ(m) (cΩτ(n)1 (L))
= td−1m
(
cΩ
τ(n)
1 (L)
)
· cΩτ(n)1 (L) = td−1m
(
cΩ
τ(n)
1 (L)
)
· td−1n
(
cΩ1 (L)
) · cΩ1 (L),
which finishes the proof. 
Corollary 20. For any X ∈ Smk,Ω∗Q(X) is a ψ-ring.
Proof. By definition, the nth Adams operation ψΩn : Ω∗Q(X) → Ω∗Q(X) is a ring morphism for all integers n ≥ 1. If n = 1,
then td−11 (t) =
([1]FΩ · t) /t = 1. Thus, ψΩ1 = Id. Also, from the proof of the proposition above we have that
Ω∗Q(X)
ψΩm /
ψΩnm

Ω∗Q τ(m)(X)
ψΩn

Ω∗Q τ(mn)(X)
(
Ω∗Q τ(m)
)τ(n) (X)
commutes, which finishes the proof. 
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Proposition 21. Let (R, FR) be a fgl. Then the nth Adams operation ψΩn descends to a L-linear map ψ
R
n : Ω∗Q⊗L R→ Ω∗Q⊗L R
of OCTs, for all n ≥ 1.
Proof. Fix n ≥ 1. By universality ofΩ∗, there is a unique L-linear morphismΘ(n)R : Ω∗Q → Ω∗Q⊗L Rτ(n) of OCTs. Let F τ(n)R be
the fgl ofΩ∗Q⊗L Rτ(n) . SinceΘ(n)R is L-linear, we have that FL descends to FR, so F τ(n)R = FR. By universality ofΩ∗⊗L R, there
is a unique morphism ψRn : Ω∗⊗L R→ Ω∗⊗L Rτ(n) . Finally, FR = F τ(n)R implies the L-linearity of ψRn .
Ω∗Q
ψΩn / Ω∗Q τ(n)
Θ
(n)
R



Ω∗Q ⊗L R
ψRn
/___ Ω∗Q ⊗L Rτ(n) 
Proof of Theorem 1. If follows from Corollary 20 and Propositions 2, 17 and 21. 
5.0.1. Adams–Riemann–Roch
By the defining property of our Adams operations, we have that the corresponding ARR holds in our situation:
Let (R, FR) be a fgl. Let f : Y → X be a projective morphism in Smk. Then for all integers n ≥ 1 and all y ∈
Ω∗[1/n](Y )⊗L R
ψRn (f∗(y)) = f∗
(
ψRn (y) · Td−1n (Nf )
) ∈ Ω∗[1/n](X)⊗L R.
5.1. Examples
5.1.1. Universal additiveΩ∗+
Recall thatΩ∗+ ∼= CH∗. Let X be in Smk. For simplicity assume X to be irreducible. Since Fa(t, t) = 2t , we have
td−1n (t) =
n · t
t
= ·n. (12)
If E is a vector bundle of rank r over X , by multiplicity of the Todd genus td−1n
(
c+1 (E)
) = nr , where c+1 denotes the first
Chern class onΩ∗+(X). Denote by ψ+n the nth Adams operation onΩ∗+⊗Z Q. Given a generator [f : Y → X] ofΩ∗(X) with
q = codim(f ), the computation of the ψ+n ([f : Y → X] ⊗ 1) is done via the commutative diagram
Ω0+(Y )⊗Z Q
ψ+n

f∗ / Ωq+(X)⊗Z Q
ψ+n
(
Ω0+(Y )⊗Z Q
)τ(n)
f
τ(n)∗
/ (Ωq+(X)⊗Z Q)τ(n)
Since [Y = Y ] ⊗ 1 = 1Y is the multiplicative identity inΩ∗+(Y )⊗Z Q, from Eq. (12) we have
ψ+n ([f : Y → X] ⊗ 1) = f τ(n)∗ (1Y ) = f∗
(
nq · 1Y
) = nq · ([f : Y → X] ⊗ 1) .
Hence, the nth Adams operation on CHqQ is just multiplication by n
q. Therefore, by Theorem 5 we have for all n ≥ 0 that
grγn
(
CH∗Q(X)
) = CHnQ(X). Thus, the graded ring associated to the γ -filtration is precisely CH∗Q(X), i.e.,
grγ
(
Ω∗+(X)⊗Z Q
) ∼=⊕
q≥0
CHqQ(X) = CH∗Q(X).
From Proposition 2 it follows that the λ-operations {λ+n } are of the form
λ+n ([Z]) =
[Z]n
n! + intermediate terms+ (−1)
n−1nq−1[Z].
Ω∗+(X)⊗Z Q is augmented over Q ∼= CH∗Q(k), where the augmentation is given by the classical degree map on algebraic
cycles. Moreover, the γ -ideals defining the γ -filtration are given by(
Ω∗+(X)⊗Z Q
)
n =
⊕
q≥n
CHqQ(X).
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5.1.2. Universal multiplicative periodicΩ∗×
Recall thatΩ∗× ∼= K0⊗Z Z[β, β−1]. Let X be an irreducible regular k-scheme. In this case Fm(t, t) = 2t − t2β , so
td−1n (t) =
n∑
i=1
(−1)i+1 ( ni ) t iβ i−1
t
= 1− (1− tβ)
n
tβ
.
By the splitting principle for vector bundles the inverse Todd genus is characterized by its action on line bundles. Let L→ X
be a line bundle and denote by c×1 (L) its first Chern class inΩ∗×(X)⊗Z Q. Then
td−1n (L) =
1− (1− c×1 (L)β)n
c×1 (L)β
= 1−
(
Lˇ
)⊗n
1− Lˇ =
n−1∑
i=0
(
Lˇ
)⊗i
.
This means that the nth Adams–Todd genus associated to Ω∗×⊗Z Q is precisely the Bott’s cannibalistic class, which we
denote by θn. For any n ≥ 1, let ψ×n denote the nth Adams operation on K0[β, β−1]. If c1 denotes the first Chern class in K0,
we have that c×1 (L) = c1(L) · β−1, and from [6, Remark 2.5.4], we know that β = [P1 → Spec(k)] in Ω∗(k). Thus, ψ×n is
β-linear. Therefore
ψ×n (c1(L)) β
−1 = ψ×n
(
c×1 (L)
) = c×1 (L)td−1n (L) = c×1 (L)θn(L) = ψn(c1(L))β−1
where ψn denotes the usual nth Adams operation on K0. Since the action of the Adams operations on line bundles is
characterized by its action on the first Chern class, we have for all n ≥ 1
ψ×n (L) = L⊗n.
Hence, in degree zero, ψ×n agrees with ψn. As a consequence, at degree zero, the induced λ-structure and γ -filtration on
Ω∗×(X)⊗Z Q are precisely the classical ones. Let {λ×n }n≥0 denote the induced λ-structure. By Proposition 2, for all integers
m, n, with n ≥ 1, a direct computation shows
nλ×n
(
βm
) = n∑
i=1
(−1)i+1
(
n− 1
i
)
βmi.
Thus, the λ-operations are not L-linear. Moreover,Ω∗×(X)⊗Z Q is not finite λ-dimensional, since β cannot be expressed as
the difference of two elements whose image under λ×t is a polynomial. Since ψ×n is β-linear we have that Z[β, β−1] is a
binomial special λ-ring. Also, we have that the linear elements are given by the classes of line bundles at β-degree zero, so
λ×n
(
Lβm
) = L⊗nλ×n (βm) λ×t (λn (Lβm)) = λ×L⊗nt (λ×n (βm)) .
Let rank : K0(X)→ Z denote the usual rank map, then
rank× : K0(X)[β, β−1] → Z[β, β−1], [E]βm 7→ rank([E])βm
is the degreemap in this case, so it is the augmentationmap.We have from Lemma 4 that
(
K0Q(X)⊗Z Z[β, β−1]
)
1, the kernel
of such map, is given by(
K0Q(X)
)
1⊗Z Z[β, β−1] =
〈
([E] − rank(E)) βm |;m ∈ Z 〉 .
Moreover, for all n ≥ 0(
K0Q(X)⊗Z Z[β, β−1]
)
n ⊆
(
K0Q(X)
)
n⊗Z Z[β, β−1].
It is well known (see for instance [4]) that
(
K0Q(X)
)
N = 0 for N > dim(X). Thus, the γ -filtration on Ω∗×⊗Z Q is finite. Let
V (n)× (X) denote the eigenspace of ψ
×
k onΩ
∗×⊗Z Q for kn, k ≥ 1. Thus, by Theorem 5,
V (n)× (X) = grγn
(
Ω∗×⊗Z Q
)
.
Let V (n)(X) be the eigenspace of the classical ψk on K0Q(X) for k
n, k ≥ 1. Since ψ×k is β-linear we conclude
grγn
(
Ω∗×⊗Z Q
) = V (n)× (X) = V (n)(X)⊗Z Z[β, β−1] = grγn (K0Q)⊗Z Z[β, β−1].
Hence, grγ
(
Ω∗×(X)⊗Z Q
) = grγ (K0Q(X))⊗Z Z[β, β−1].
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5.2. Some comments on the examples
We note the following:
1. For any regular scheme X the maps ϕ× and ϕ+ are ψ-maps, i.e., the diagram
koQ(X)
ψkn /
ϕR

koQ(X)
ϕR

Ω∗Q(X)⊗L R
ψRn
/ Ω∗Q(X)⊗L R
(13)
commutes, where ϕR denotes the corresponding morphism for R = Z[β, β−1], Z. Indeed, first notice that Proposition 21
means that for any fgl (R, FR), the nth Adams operation ψRn is defined by the commutativity of the diagram
Ω∗Q(X)
ψΩn /
Θ
(n)
R

Ω∗Q(X)
Θ
(n)
R

Ω∗Q(X)⊗L R
ψRn
/ Ω∗Q(X)⊗L R
(14)
Further, ψRn is determined by its values on the elements of the form f∗(1Y ), with f : Y → X a projective morphism and
Y irreducible. Consider the diagram defining (13)
Ω∗Q
Θ
(n)
R
7
77
77
77
77
77
77
77
77
Θ
(n)
k








Ω∗Q
66
66
66
66
66
66
6
Θ
(n)
R
6
6
Θ
(n)
k








ψΩn
2ffffffffffffffffffffffffffffffffffff
k0Q
ϕR / Ω∗Q(X)⊗L R
k0Q ϕR
/
ψkn
3ffffffffffffffffffffffffffffffffffff Ω∗Q(X)⊗L R
ψRn
3ffffffffffffffffffffffffffff
The lateral faces correspond to diagram (14), so they are commutative. Since ϕR sends fgl to fgl, the front and rear faces
commute. Thus, the base commutes for elements of the form f∗(1Y ), which finishes the proof of the claim.
2. Let V (n)R (X) be the eigenspace of ψ
R
j with eigenvalue j
n onΩ∗⊗Z R. Then from the previous discussion
ϕR
(
V (n)k (X)
)
⊆ V (n)R (X).
3. Next we show that the γ -filtration on k0Q is finite. First notice that the isomorphism of cohomology theories k
0
Q →
CH∗Q[β] (Remark 12(3)) implies that k0Q is β-torsion free.
Now, let xi ∈
(
k0Q
)
1, 1 ≤ i ≤ r . For any sequences of non-negative integers ni such that
∑r
i=1 ni > dim(X), the image of
γ kn1(x1) · · · γ knr (xr) (15)
under the isomorphism ϕ× ⊗ Id : k0Q(X)[β−1] → K0Q(X)[β, β−1] is zero by the previous discussion on grγ
(
Ω∗×(X)⊗Z Q
)
.
Since k0Q(X) is β-torsion free, this implies that (15) was zero on k
0
Q(X) a priori. Therefore, for all N > dim(X),
(
k0Q
)
N = 0.
4. From the discussion above and Theorem 5 we get V (n)k (X) ∼= grγn
(
k0Q(X)
)
, so
k0Q(X) =
dim X⊕
m=0
V (m)k (X)
(
k0Q(X)
)
n =
dim X⊕
m=n
V (m)k (X).
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Since we have already shown how the γ -filtrations on Ω∗×(X)Q and Ω∗+(X)Q are given by the direct sums of the
appropriate eigenspaces for the Adams operations, from the isomorphisms (5) we obtain the identities(
K0Q(X)[β, β−1]
)
n = k0Q(X)n⊗Q Q[β−1](
CH∗Q(X)
)
n = k0Q(X)n⊗Q[β] Q
that is, the γ -filtration on k0Q(X) gives a flat deformation of the γ -filtration on CH
∗
Q(X) to the γ -filtration on K
0
Q(X)[β, β−1].
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